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Abstract

In this study, nonlocal boundary value Schréodinger type problem in a Hilbert space with the
self-adjoint operator is investigated. Single step stable second order of accuracy difference
scheme for the numerical solution of this problem is presented. The main theorem on the
stability of this difference scheme is established. Numerical results are given.
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1 Introduction

It is known that various problems in physics lead local and nonlocal boundary value problems to
Schrédinger equations. Methods of solutions of the problems for Schrodinger have been studied
extensively by many researchers (see e.g., [1, 2, 3, 4, 5, 6] and the references given therein). How-
ever, single step second order of accuracy difference scheme for nonlocal problems of Schrédinger
equations have not been well-investigated so far. In the present paper the integral type nonlocal
boundary value problem

i+ Au=f(t), 0<t<T,

T (1.1)
u(0) = [a(s)u(s)ds + ¢

0
for Schrédinger problem in a Hilbert space H with the self-adjoint operator A is considered. This
problem was also considered in the article [6]. But in [6], to obtain approximate solution of this
problem, first order accuracy Rothe difference scheme and second order accuracy Crank-Nicholson
difference scheme are considered. On the other hand, in this study, single step stable second order
of accuracy difference scheme for the numerical solution of this problem is presented. The main
theorem on the stability of this difference scheme is established. A procedure of modified Gauss
elimination method is used for solving this difference scheme. The method is illustrated by a
numerical example.

2 A single step stable difference scheme
An integral type nonlocal boundary Schrédinger problem (1.1) is a well-posed problem. This fact
follows from the following theorem.

Theorem 2.1. Assume that

/OT lae(s)|ds < 1.
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Then there exists a unique solution u(t) of the problem (1.1) and the following inequalities are
satisfied:

s Oy < (14 Co) (ol + 7 e, 170l 21)
and
/
s o0l + s, 4wl
/
< (U Co) [l + T g 17Ol + 17O (22)

where C,, denotes a positive constant depends on « and not depends on f and .

Th proof of this theorem is given in [5]. In order to obtain a single step second order stable
difference scheme to obtain an approximate solution for an integral type nonlocal Schrodinger
problem (1.1), we follow the book [7]. First of all let’s state and prove the following auxiliary
lemma.

Lemma 2.2. Let the function v(t), 0 < ¢t < T has a third order continuous derivative and t;_1, t €
[0,T]. Then the following relation holds.

() — v(ty_1) — gv’(tk) - gv/(tk,l)

- _% / " (b= 8)(s — ) (s)ds. (23)

tr—1

Proof. Using the formula of integration by parts, we obtain the representation

/ ’ w(s)v® (s)ds

te—1
tr
= (w(s)v” —w'(s)v" +w” (s)v(s) iiil — / w® (s)v(s)ds. (2.4)
th—1
If we take w(s) = (tx — s)(s — tx—1)? then w(ty) = 0, wtx_1 = 0, W' (tx) = —7, Witp_1 = T,
w” (ty) = =2, w'ty_1 = —2, and w® (s) = 0. If we substitute these results into equation (2.4) and
divide both sides by 6 we obtain the identity (2.3) . Q.E.D.

Note that the relation (2.3) is called the Taylor’s decomposition of function v(¢) on two points.
Now we wil consider the applications of the Taylor’s decomposition of function on two points. From
(2.3) it is clear that for the approximate solution of the problem (1.1) it is necessary to find v’ (¢x)
and v'(tx—1). Substituting the expression

V() = iAu(t) — if(t) (2.5)

in (2.3) and neglecting the expression of integral we obtain the single step difference schemes of
second order of accuracy for the solution of equation i%% + Au(t) = f(t). But for the approximation

of integral in the integral type nonlocal boundary condition u(0) = fOT a(s)u(s)ds + ¢, we use
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trapezoidal rule for the approximation of Riemann’s integral since trapezoidal rule gives us a second
order of approximation under smooth data. Hence for the approximate solution of the problem (1.1)

we obtain the single step second order of accuracy difference scheme

S U —Uk—1 Up+UE—1 | __
i~ + A ( 5 ) = Yk,

or = 35(f(tr) + f(te-1))

tr=k1,1<kE<N,NT=T,

up =% la(o)u(()) +a(Tu(T) +2 Ng altju; + ¢

generated by Taylor’s decomposition on two points.
Now let us obtain a formula for the solution of (2.6). By induction

k
up = R* —ir Y RFIPp;, 1<k <N
j=1

is the solution of the second order difference scheme

iuk — Uk—1 LA (Uk + Uk—1

)ZSDIW 1§k§Na u0:£
T 2

for the approximate solutions of the Cauchy problem

d
id—? FAu(t) = f(t),  0<t<T, u(0)=E¢
Here .
T TN\
R= (I+2§A)PandP— (I—Z§A> .
Using formula (2.7) and the condition

N-1
a(0)u(0) + a(T)u(T) +2 Z a(tjuj+¢|,

Jj=1

Uug =

NS

we get
o = 3 [a(0)¢ + a(T)(RVE — it N _ RN " Ppy,)

N—1 ‘ . .
+2 % alty) (RI¢ — it S0y R 7Py ) + 0|
j=1
Since the operator
- N—1 _
I3 | a0+ a(T)RN +2 ) a(t;) R

j=1

2.7)

(2.11)

(2.12)
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has an inverse, we obtain

N N-1 . )
§=3T, |—ita(T) > RN=™Pp,.) — 2it > > L a(t;)) R Py, + ¢ (2.13)
m=1 Jj=1
where )
- N-1 ' B
To=(1-5|a0)+ a(T)RN +2 " a(t;)R : (2.14)
i=1

So, for the solution of problem (2.6), we have the following formula:

k
RF¢ —iT 3" RF-IPp;, 1 <k <N,
j=1
g = N No1 ‘ (2.15)
LT | —ira(T) 3. RN-™Pp,, — 2it Zl Z a(t;)RI~™ Py,
m=1 J m=1
+¢], k=0.

Theorem 2.3. Assume that T max, la(t)|; < 1, then the solution of difference scheme (2.6) sat-

isfies the stability inequality

1 T 2.1
max el < (Ca+ 1) |llpl + T max ol | (2.16)

where C,, denotes a positive constant depends on « and not depends on 7, ¢, @y.

Proof. Using the estimate
IRl <1 1Pl <1 (2.17)

and the formula (2.7), we can obtain

max el < flluolle + T max foely |- (2.18)

Using the spectral representation of self-adjoint operators one can establish
1Tl s < Ca (2.19)

Namely,
1Tl g

. = (2.20)
< sup <1 -z (a(O) +a(T)RN +2 3 a(tj)RJ))

—co<p<oo j=1
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1
< sup (2.21)
—oo<pu<oo N-1 )
1—Z1a(0) +a(T)RN +2 37 alt;)RI
j=1
Since
T _ .
3 |00 + (T RN +2 Z a(t;)R? (2.22)
-
< 5 [ 1Oz +la(T)]a +2 Z |(ty)| (2.23)
-
§2N0ré1ta<x la(t)|y = Toréltax la(t)|y <1, (2.24)
we have that
1Tl gy pr < Ca (2.25)

Then using formula (2.13), the triangle inequality and estimates (2.17) and (2.19) the following
estimate is obtained:

< . .
luollyr < Co | T maxfloxll+ il (2.26)
Estimate (2.16) follows from (2.18) and (2.26). Q.E.D.

3 Numerical analysis

In this section, the numerical solutions of the integral type nonlocal boundary value
2

i%tt’r) — %ﬁ’r) +u(t,z) = exp(itn?)sinmz, 0 < t,z < 1,

x) = 15 [u(s, x)ds + o(z),
0 (3.1)

o(x) = [—ﬁ (expi7r2 - 1) + 1] sintr, 0< o<1,

u(t,0) =wu(t,1) =0, 0<¢t<1

Schrodinger problem by using difference scheme (2.6) is investigated. The exact solution of this
problem is
u (t,x) = exp(itn?) sin w.

For the approximate solution of problem (3.1), the set [0,1], x [0,1], of a family of grid points
depending on the small parameters 7 and h

[0,1]; x [0,1], = {(tg,xn):tp=kr, 1<k<N-1, Nt=1,
xn, = mh, 1<n<M-1Mh=1}
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is defined. Applying (2.6) for the approximate solution of the problem (3.1), we get the following
single step second order of accuracy difference scheme

U 72 72

T

k_ k-1 k ko, k k—1 k—1,, k—1
cU, —U 1 Upy 1 —2Up F Uy k Up 1= 2Uy, U, k—1
"+2<+Un+un

:f(tkvxn)v ISkSNilﬂlénSMil)

flte, zn) = 3 (exp(itym?) sinmx, + § exp(ity_17%)) sinwa, (3.2)

0 T

Un =30 +o(@n), 1<n<M-—1,

N—-1
0 M j
j=1

uk =0, uk, =0, 0<k < N.

So we have (M + 1) x (M + 1) system of linear equations which can be written in the matrix form

as:
AUpi1+BUy + CUp_y = Dp,, 1<n<M-—1,

(3.3)
Uy=0, Uy =0,
where
o0
(p? . [— 15z (expin?® — 1) + 1] (sin7zy,), k=0,
Pn = " , op =

Pn 1 (Nt1)x1

A(i, i) = A(i,i+1) =a, B(i,i) =b, B(i,i+1) =cforany 1 <i < N and B(N +1,1) =1—17/20,
B(N+1,N+1)=-7/20, B(N +1,i) = —7/20 for any 2 < ¢ < N and the other entries for the
matrices A, B are all zero. The matrix D is an identity matrix of order NV + 1 and the matrix C' is
equal to the matrix A. In these matrices entries are given as:

_ 1 _ z’+1+1 _i+1+1
T T T TRy T TR Ty
UO
Ul
Us=| .. , s=n—1nn+1.
UNfl
UN

Thus, we have the single step second order difference equations with respect to n with matrix
coefficients. To solve these difference equation we have applied the same modified Gauss elimination
method as in [6] for the difference equation with respect to n with matrix coefficients. Hence, we
seek a solution of the matrix in the following form

Un :Oln+1Un+1+ﬁn+1, ’I’L:M—2,...,271,0, (34)
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where o (j =1,..., M) are (N +1) x (N +1) square matrices and 5; (j =1,..., M) are (N+1) x 1
column matrices. defined by

Qny1 = —(B+ Can)71 A, By =(B+ Can)71 (Don —CBn), (3.5)

n=1,23- - M—1.
Then using formulas (3.4) and (3.1), we can compute U,, 0 <n < M.
For their comparison, the errors computed by

E = max |u(tk,xn) —uk

1<E<N "| ’
1<n<M

Tables 1 gives the error analysis between the exact solution and the solutions derived by difference
schemes. Table 1 is constructed for N = M = 20, 40, 80 and 160 respectively.

Table 1
Comparison of the errors for the approximate solution of problem (3.1).

Method N=M=20 N=M=40 N=M=80 N=M=160
Single Step Second Order 0.1378 0.0360 0.0091 0.0023
Crack-Nicholson 0.1569 0.0410 0.0104 0.0026

Second, for their comparison, the relative errors are computed by

BY

rel EN' = max
1<k<N (M

5" |u<tk,xn>2h)
n=1

and the Table 2 is constructed for N = M = 20, 40, 80 and 160 respectively.

Table 2
Comparison of the relative errors for the approximate solution of problem (3.1).

Method N=M=20 N=M=40 N=M=80 N=M=160

Single Step Second Order 0.1949 0.0509 0.0129 0.0033
Crack-Nicholson 0.2218 0.0579 0.0147 0.0037
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In this research, to obtain an approximate solution for an integral type nonlocal boundary value
Schrédinger problem, a single step stable second order difference scheme is established. The stability
of this difference scheme is proved. Even if this difference scheme is easy to implement, it is seen
from the tables that it gives same good approximation with Crank-Nicholson difference scheme for
integral type nonlocal boundary Schrédinger problem.
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